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Abstract: Exchange interaction in Si double quantum dots, which have been suggested as appropriate candidates for
spin qubits because of their long spin coherence durations, is investigated here. Using three distinct models of the
double quantum dot (DQDs) potential as a function the inter-dot distance (d) and of the electric field (E), inside the
Heitler-London (HL) and Hund-Mulliken (HM) approximations, we derive the J-interaction. In a connected double
guantum dot (DQD), we evaluate the J-interaction between triplet and singlet states using COMSOL Multiphysics
wave functions. Considering several potentials, this computation is carried out inside a specified area of interest. We
compare these results with a case in which the 1D Schrédinger problem has precisely known solutions.
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1. INTRODUCTION

In the last decade, quantum dots have gained significant interest for their potential in scalable quantum computing[1, 2].
Quantum computers process information stored in "quantum bits" (qubits) [3]. With fundamental operations, or "universal
quantum logic gates," a quantum computer can solve any problem [4]. Semiconductor quantum dots hosting spin qubits are
highly promising due to their long coherence times, high control fidelities, and scalability[5-8] Qubits can be encoded using
the spin states of electrons in various ways, including single-spin, singlet-triplet [9-13], resonant exchange [6, 14], and
hybrid spin[15-17]. Many of these systems use tunneling-based effective J-interaction for qubit coupling, allowing for fast,
electrically controlled gates[18-20].

By changing the dots from zero onwards, one can attain incremental control over the electron count in GaAs heterostructures
[21]. Spin-based quantum computer designs depend critically on the interaction of localized electrons. The first Loss-
DiVincenzo (LDV) theory demonstrated that two-qubit gates such as SWAP and controlled-NOT gates] could be achieved
by means of electrical regulation of J-interaction [22]. Several qubit designs have been suggested, including the single-spin
qubit—which is modeled by electron spin states [22, 23]. and the STO qubit using |S) and |T) states of two-electron
configurations [19]. the exchange-only qubit and the resonant-exchange qubit use particular three-electron states in triple
quantum dots.[24, 25].

Thanks to its outstanding spin coherence characteristics, silicon is becoming more and more known as a potential material
for spin quantum-information processors [26]. Its natural form can be further purified isotopically and features minimal
nuclear spins (5% of Si with a spin of 1/2). A main problem in 111-V materials like GaAs, the weak hyperfine interaction in
silicon lowers electron-spin decoherence. Furthermore lacking piezoelectric interaction and showing minimal spin-orbit
interaction, silicon delays electron spin relaxation by phonons [27-29] . Silicon's conduction band structure with six
equivalent minima offers a problem, though. We used the complete configuration interaction computation technique [30]
in order to obtain exact findings.

Calculating J-interaction in Silicon (Si) for quantum information processing presents unique challenges compared to
Gallium Arsenide (GaAs)[31, 32]. The lower-kappa dielectric in Si strengthens Coulomb interactions, and the larger
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effective mass reduces kinetic energy, enhancing correlation effects in Si double quantum dots. This limits the use of simpler
J-interaction models successful for GaAs. Additionally, Si's six conduction band minima affect the energy levels and spin
structure of electrons in quantum dots, further complicated by confinement and strain which split these valleys into distinct
energy levels [33, 34]. These factors create a more complex energy landscape in Si, posing challenges for calculating J-
interaction and designing efficient spin-based quantum information devices.[35].

Conveniently derived qubit features, including the J-interaction and energy spectra of the STO qubit, using Fock-Darwin
(FD) states, configuration interaction method calculations depend on external factors like electric and magnetic field
strength and environmental noise[36, 37]. Commonly utilized approximations for investigating the J- interaction in the STO
qubit are HL and HM ; HM is more accurate [1, 38] . Furthermore, knowledge of energy splitting in Si quantum dot qubits
depends on a proper definition of valley-orbit coupling.[36, 39-41] .

This study investigates the effect of environmental electrical fluctuations on spin qubits, crucial for quantum information
processing. Finite J-interaction makes these qubits vulnerable to noise from gate electrodes and background charge
variations, originating from trapped electrons in the semiconductor material. Movement of these trapped charges can modify
barriers between quantum dots, leading to fluctuations in their confining potentials, thereby impacting qubit function.[42,
43].

This paper investigates exchange-gate behavior in double quantum dot (DQD) structures within (Si/SiO2) [44-46].
Emphasizing characteristics include dot separation, confinement potential, and external electric field. We find wave
functions for many DQDs potential profiles, including those under influence of an external electric field, using COMSOL
Multiphysics. Using approximation methods such as HL and HM maodels, J-interaction is then computed evaluating their
fit for calculating exchange splitting in Silicon Double Quantum dots. This work offers understanding of exchange gate
behavior and various DQD potential models by integrating COMSOL simulations with approximative methods.

This document uses a methodical approach. Section Il presents the formalism, including exchanges on their limitations of
validity, model potentials for double quantum dots, and methods of determining their coupling connection. Using the HL)
and HM approaches, Section I11 shows computation results with J-interaction as a function of inter-dot distance. Section 1V
closes the paper at last.

Theoretical Formalism

Consider a Double Quantum Dot (DQD) situated at the silicon (Si) and silicon dioxide (SiO2) interface, oriented along the
z-axis. The Hamiltonian describing the effective mass of two electrons in the DQD is given by [1]:

. e? P
H=Zhi+k712=2hi+c, @
i=1,2 i=1,2

where i=1,2 represent the labels for the two electrons, h; refers to the single-particle Hamiltonian, k is the effective dielectric
constant, which takes into account the image charge in the surrounding SiO; and is calculated as k =(esitesioz) /2 . ri2
represents the distance between the two electrons. The Hamiltonian that describes the behavior of a single electron is:

hy =Ty + Vi + €Ex; + gerpupBSiz @
.1 e ’
Ty=o [Pi —z A(Ti)] : ®

The effective mass in the traverse direction (z and —z direction) is denoted by m and has a value of 0.191m. for Si/SiO.
DQD. The vector potential A(ri) represents the magnetic field in the z direction. Specifically, A (r)= g(—y, X, 0). However,
our discussion will exclude the consideration of the vector potential because it is not applicable to solvable solutions, which
are limited to 1D situations. The electric field, represented by E, is oriented in the x-direction to shift the potential well in
the z-direction. The term g.;7,5BS;, refers to the effective g-factor multiplied by the Bohr magneton. The term " BS;,"

denotes the Zeeman energy of the electrons, whereas "V(ri)" describes the potential confinement experienced by the
electrons in the DQDs. In this work, we computed the asymmetric double quantum dots' J-interaction when an external
electric field was applied. In this investigation, three distinct potentials were employed: The first is V? model [47].
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Ve(x) = ax? + bx* b>0 . 4
while the second is a VE? model[38].
1
VEQ(x) = Emwé(min[(x —d)?, (x + d)?]). (5)

Note that both of these potentials provide infinite confinement A third , the exactly solve the double-well model (V) [48],

(a® — b?)[a? cosh?(bx) + b? sinh?(ax)
[a cosh(ax) cosh(bx) — b sinh(ax) sinh(bx)]?

VeA(x) = -2 (6)
where a and b are the parameters that control the features of the potential well. The well features were controlled by the
absolute value of a and b and the relationship between them. For the quartic potential from Eq. (4). The minimum value of

2
the double well case (a < 0) is given by V,,;;, = — Z—b atx = i\[g . Determining the distance between the dots. In the bi-

quadratic potential (Eq. (5)), the interdot distance is fixed, but the central barrier height Vb = %mwé d? , is larger than that

of the quartic potential. These potentials exhibit a relationship between barrier height and interdot distance. In experiments,
typically, three independent voltages control the DQDs potential, but often only two are varied simultaneously. The model
potentials are designed so that around the centers of the dots, the confinement is approximately parabolic, resembling
harmonic oscillator states. In the case of the V4 (Eq. (6)), the well features are also controlled by the absolute values of a
and b, where a > b. This ensures a double-well characteristic with a maximum value of 0 for the energy of a free particle.
If a < b, the potential shows double barrier characteristics instead. The well separation is determined by the difference
between a and b, with a larger difference resulting in closer well separation.
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Fig 1: The asymmetric DQD for different potential. (a). The solid red line corresponds to the V¢ , the solid bule
line corresponds to the V2¢ . (b) V¢4,

In Figure 1, for the quartic and VA, there are minima on both sides of the potential well, with the barrier height between
the dots strongly influenced by the electric field. However, for the VA with an added electric field, the wall moves and gets
lower. Commonly employed in research on asymmetric DQDs, the detuning energy A reflects variations in the DQDS
potential along a designated line in the charge stability diagram [49]. The single-particle ground states in the two dots vary
in g, thus does as well. Small quantum dots with substantial on-site Coulomb repulsion require a biased and asymmetric
DQD, approximated by adding an in-plane electric field (E=Ex). Although adding E eliminates the two minima of the
potential for all three models, their responses vary greatly. E modulates the potential minima and curvatures of the V<,

therefore influencing the single-dot confinement energies of the tpf%"’ states.
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Essential physical parameter enabling quantum computing in the STO qubit architecture is the energy difference between
the unpolarized triplet state [TO) and the singlet state |S). Energy splitting is the phenomena of J-interaction = E1o - Es. Four
spin eigenstates in a uniform magnetic field will arise if the DQD has two electrons and their interaction is restricted to the

Coulomb interaction. With a total spin of S = 0, these states are a singlet state |S) = \/%(Hl) - |41)) with a total spin of S =
0) and three triplet states (|To+-) = % [TLY 111, | 11), | {1) with a total spin of S = 1. The two techniques HL and HM
that can be used to compute the J-interaction will be thoroughly explained in this work.

Heitler-London Approach

Considering only the singly occupied states, |S (1, 1)) and |TO(1, 1))), and assuming a doubly occupied singlet state, the HL
technique offers a direct calculation of the J-interaction. Treating our system as a pair of hydrogen-like artificial atoms, we
use the Heitler-London approach, also known as the valence bond approximation, to calculate the J-interaction component.
The |S) and |T) states are indicated by[50].

[, (DYR(2)) £ ¥, (DYR(2)))
J2(1 + %)

The overlap between the left |y, ) and right |y ) dot single electron states is denoted by# and is defined as the inner
product of the state £ = (i, [g ). The J-interaction, denoted as the energy difference between |S) and the unpolarized state
[To), can be expressed as:

Jr = (To|H|To) = (s|A|S) . (8)

which can be rewritten in a simpler form as:

1S/To) = ()

242 1
Juw =1 (W, + Do — 5 Ep) C))
The explicit form of each element in eg. (8) shown as follows:

WV is the kinetic energy gain of the singlet state.

W,=@u-3) . (10)
Where :
w= Vet + VIR = (Wu|Vy = Vi 1) + (Wr|Vy — Vi 1¥z), (11)
w = VEE+ Ve = (Vg — Vi 1W1) + (¥u]Vy — Vi [¥r) (12)
Dy = (Y, (DYr()[C 1Y, (DYr(2)) (13)
Ey = (Y (D)€ [pr (M (2)) (14)

Do represents the Coulomb interaction contribution, while Eo represents the exchange Coulomb interaction. It is evident that
when the precise solutions and their matching potential functions are utilized in any scenario.

Hund-Mulliken Approach

Let us examine the HM method for molecular orbitals. which extends the HL method by incorporating two doubly occupied
spin singlet states. This results in a four-dimensional orbital Hilbert space and includes the states |[S(2, 0)) and [S(0, 2)) in
the Hamiltonian H, forming a 4 x 4 matrix. Research shows that the HM technique is more precise in estimating the J-
interaction due to its rigorous process [1, 38]. The first step is the orthonormalization of the single-electron wave function
using two functions.

¢,=LKx) , (15a)
bp = ﬁ <R(x) —?L(x)) , (15b)
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The DQD features orthonormalized wave functions representing single electron states, including two doubly occupied
singlets [S(2, 0)). Additionally, it can generate the (1,1) triplet [T(1, 1)), the (1,1) singlet |S(1, 1)), and |S(0, 2)). The spatial
wave functions for these states are expressed as follows:

IPZ’/R (r,m) = ¢%(T1 )¢%(T2 ) ’ (16)
Y () = Z L0 ) br(r) £ ¢ )dr ()] 7

The states that are occupied by two particles are denoted by the superscript. The Hamiltonian expressed in the S (2, 0), S(O,
2), S(1, 1), T (1, 1) basis can be represented as follows

2e, + U b'¢ w 0
B X  25+U w 0
0 0 0 Vy
where
E = ‘SR - SL y (19)
er = (PrlholPr) g, =(PLlholdpL) (20)
where h, the single particle Hamiltonian.
X = (WirlClrm) (1)
U= (WiRlClviR) (22)
1 A »
W= Z(wielClpl ™), (23)
1 A
Vo= [e+ 2l lcwd)] (24)
1 A
V=3 <¢§1'1)|C|z/)§1'1)>] , (25)

The energy of individual particles in the left and right dots in the previous matrix are denoted by ¢; and &5 , respectively.
The different between them in & which serves as the detuning parameter. U represents the Coulomb repulsion that occurs

on-site. Vs and Vr are the Coulomb energies associated with the |S) and |T) states of (1,1) respectively. 1/1;1/‘51) is formed by

using orthogonalized single-electron orbitals. X can be likened to an interdot Coulomb exchange integral and a W Coulomb
matrix element. All these quantities can be represented in terms of the corresponding matrix elements between the initial,
non-orthogonal, left, and right orbitals ¢, /r. These matrix elements, referred to as Do, Eo, X, etc., represent the naked orbital
interactions.

Extraction of eigenvalues and eigenvectors from the 4x4 Hamiltonian matrix generates the energy diagram for the two-dot
system (eq. (18). Every eigenvector precisely matches an energy value. A mixed state could be a pure basis state or a state
vector having probability connected with several bases. By analyzing numerical values for matrix elements under the effect
of elements like potential well separation and detuning strength, one computes the energy of every electron state. Subtracting
the energy of the |T) states from that of the |S) state allows one to find the J-interaction between singlet state |S).

Using Fock-Darwin states can sometimes provide analytical solutions for both Coulomb and kinetic terms. However, the
complexity of the wave functions, as described by Caticha [48], makes analytic solutions unattainable. Therefore, numerical
integration methods were employed as an alternative. With COMSOL Multiphysics, we investigated the J-interaction in the
STo qubit architecture. This study allowed us to determine the wave functions for both the left ¥{®™ and right ¥ states,
facilitating calculations on the J-interaction.

Page | 63
Novelty Journals



https://www.noveltyjournals.com/
https://www.noveltyjournals.com/
https://www.noveltyjournals.com/

- - Novelty Journals ISSN 2394-9651

International Journal of Novel Research in Physics Chemistry & Mathematics
Vol. 11, Issue 2, pp: (59-71), Month: May - August 2024, Available at: www.noveltyjournals.com

2. RESULTS AND DISCUSSION

We calculate the J-interaction between |S) and |T) states in a linked DQDs near a silicon/silicon dioxide (Si/SiO2) interface
using COMSOL Multiphysics wave functions. The quartic and bi-quadratic potential parameters were adjusted to match
the potential function of CA, maintaining consistent dot spacing. Our calculations consider dot sizes achievable in
experiments, investigating the impact of confinement energy and inter-dot distance on exchange in asymmetric DQDs for
three different potential models. We also examine the impact of inter-dot distance on J-interaction using the HL and HM
approaches and discuss the effect of external electric fields on J-interaction.

We calculate the probability amplitudes of the wave functions §°™, &2 from the numerical solution of the Schrédinger
equation for three DQDs potential models. For the V9 model, a=-2 and b = 0.5[47], for the VE@ model, a = 2.2361 x 108;
and for the V¢ model,a = 2.2361 x 108 and b = 2.2305 x 102, [51]. To determine the J-interaction, we first calculate
the wave functions for the left and right dots using a splitting potential for asymmetric DQDs, as shown in Figures 2, 3, and
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Fig 2: Quartic potential splitting (a) the solid bule line corresponds to thelLeft | V,‘f (b) the solid red line
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Fig 5: COMSOL wave functions g™, g™ corresponding to V@ (a), VE? (b), and VA (c)

J-interaction as a function of interdot distance

In this section, we determine the J-interaction as a function of inter-dot distance (d) while keeping the well depth constant.
The well depth and potential barrier are chosen to match those of the quartic and bi-quadratic potentials used for FD states
(hw0 = 7.658 meV). Figures 6 , 7 and, 8 show that the J-interaction increases with the applied electric field due to changes
in the electrons' potential energy landscape and distribution within each dot. The electric field can enhance coupling by
increasing the overlap of electron wavefunctions or, in some cases, weakening it by pushing electron distributions apart.

At certain inter-dot distances, the J-interaction changes with increasing E, causing J's dependence on d to become
nonmonotonic. Remarkably, J behaves similarly as a function of d across different potential models. This result is explained
by the overlap between the wave functions of the left and right dots (¥, , W). Increased spacing reduces overlap, decreasing
Coulomb interaction and inter-dot hopping, ultimately weakening the J-interaction.

Page | 65
Novelty Journals



https://www.noveltyjournals.com/
https://www.noveltyjournals.com/
https://www.noveltyjournals.com/

- Novelty Journals

ISSN 2394-9651

International Journal of Novel Research in Physics Chemistry & Mathematics
Vol. 11, Issue 2, pp: (59-71), Month: May - August 2024, Available at: www.noveltyjournals.com

1400
E1=0.00 mV/nm
E3=0.50 mY/nm
1200 E4=0.76 mV/nm
E5=1.00 mVY/nm
1000
< 800
a
E
— 600
400
200
k
o | ] |
28 29 30 31 32 33 34 35

Interdot distance (nm)

@)

50

45

40 r

35

E1=0 mV/nm

E2=0.50 mV/nm
E3=0.76 mV/nm
E4=1.0 mV/inm

B

29 30 1 32 33 34 35
Interdot distance (nm)

(b)

Fig6: Calculated exchange interaction vs. inter-dot distance for V¢ (a) HL approach (b) HM approach

E1=0.00 m\/nm
E2=0.50 m\Winm
E3=0.75 mVinm
E4=1.00 mV/nm

26 26 27 28 29 30 31 32 33 34 35
Interdot distance (nm)

(@)

1

1

100

J{meV)

401

201

BO

60

40

201

E1=0.00 m\Ynm
E2=0.50 mW//'nm
E3=0.75 mV//nm
E4=1.00 m\/nm

0
25

26 27 28 29 30 31 32 33 34 35
Interdot distance (nm)

(b)
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The HL approach only considers the |S (1,1)) and |To) states, omitting the |S(2, 0)) and |S(0, 2)) states, which may introduce
errors in calculating the J-interaction. The HM technique, which includes these states, yields more accurate results. Figure
6 shows that the HL approach predicts a higher J-interaction than the HM approach, aligning with previous studies where
HL predictions were at least five times greater. Using COMSOL Multiphysics wave functions, the HM method's inclusion
of doubly occupied states significantly impacts the J-interaction accuracy.

When comparing three potentials (quartic, bi-quadratic, and Caticha's CA), the inter-dot distance is plotted against energy
exchange (J). Differences in peak values, locations, or shapes among the curves are evident. The choice of potential balances
computational efficiency and accuracy: Caticha's CA potential offers the most realistic modeling but requires complex
computations, the quartic potential is simplest but less precise, and the bi-quadratic potential offers a balanced approach.

J-interaction as a function of Electric field

The J-interaction was calculated as a function of the electric field (E) while keeping the inter-dot distance (d) constant.
Figures 9, 10 and , 11 show that increasing the electric field increases the J-interaction. This is because the electric field
lowers the potential barrier between the dots, facilitating electron tunneling and enhancing energy exchange. Additionally,
the distance between the quantum dots is crucial; closer dots exhibit stronger energy exchange due to stronger coupling.
This demonstrates that even small changes in the electric field, especially at higher strengths, can significantly impact J-
interaction.
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Fig 9: Calculated exchange interaction vs. electric field for V¢ (a) HL approach (b) HM approach.
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Fig 10: Calculated exchange interaction vs. electric field for VB (a) HL approach (b) HM approach.
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Fig 11: Calculated exchange interaction vs. electric field V¢4 (a) HL approach (b) HM approach.

3. CONCLUSIONS

The J-interaction is derived from Coulombic interactions between electrons in a system. We computed the J-interaction
between two electrons in DQDs formations within a Si/SiO; heterostructure using the HL and HM approximations. Wave
functions generated by COMSOL Multiphysics were utilized to calculate J-interaction for the |S) and |T) states qubit STo,
considering various potentials such VB?, V?, and VA potentials.

The J-interaction from COMSOL states intriguing characteristics compared to conventional methods. These include a large
J due to high interdot probability density and a non-monotonic J curve. An applied electric field increases quantum dot J-
interaction, and the exchange behavior varies based on potential fluctuations affecting the interdot distance d. Significant
disparities are observed when comparing results from conventional methods using finite difference (FD) states with VEQ,
VO, and VA potentials.
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